A NOTE ON THE THIRD CUBOID 
CONJECTURE. PART I. 
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Abstract. The problem of finding perfect Euler cuboids or proving their non- 
existence is an old unsolved problem in mathematics. The third cuboid conjecture 
is the last of the three propositions suggested as intermediate stages in proving the 
non-existence of perfect Euler cuboids. It is associated with a certain Diophantine 
equation of the order 12. In this paper a structural theorem for the solutions of this 
Diophantine equation is proved. 



1. Introduction. 

Let's denote through Pabu{t) the foUowing polynomial of the order 12 depending 
on three integer parameters a, b, and u: 

Pabuit) = i^' + (6^2 - 2a2 - 2 62)^10 + (^4 + b^ + u^+4.a'u''+ 
+ Ab^u^ -12 b^ a^) f + {6a'^u'^ + 6u^b^-8 a^ b^ u^ - 
- 2u'' a^ ~ 2uH^ ~ 2 aH'' ~ 2b* a^)t'' + (iuH* a^ + (1.1) 

l> ; + iu^ aH'' - 12 u* aH^ + u* a* + uH'' + a* b'')t* + 

^ ■ + {6 a* uH'' ~ 2u* aH^ - 2u* aH*)t^ + u* aH\ 

(N ■ 

j«^ ' There are some special cases where the polynomial Pabu (t) is reducible and explicitly 

(^ , splits into lower order factors. Here are these cases: 

(N, 

1) a = b; 3) bu = a^; 5) a = u; 

(1-2) 

2) a — b = u\ 4) au — b ; 6) b = u. 



The special cases (1.2) were studied in [1], [2], and [3]. In a general case other than 
those listed in (1.2) the polynomial (1.1) is described by the following conjecture. 

Conjecture 1.1 (third cuboid conjecture). For any three positive coprime 
integer numbers a, b, and u such that none of the conditions (1.2) is satisfied the 
polynomial (1.1) is irreducible in the ring Z[t]. 

The subcases 2, 5, and 6 in (1.2) are trivial. The subcase 1 leads to the first 
cuboid conjecture. The subcases 3 and 4 lead to the second cuboid conjecture. 
The first, the second, and the third cuboid conjectures were introduced [1]. They 
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are associated with the problem of constructing a perfect Euler cuboid (see [4] and 
[5 39] for more details). As for the polynomial (1.1), it was derived in [40]. 
Let's write the following equation using the polynomial (1.1): 

Pabuit) = 0. (1.3) 

The equation (1.3) can be understood as a Diophantine equation of the order 12 
with three integer parameters a, b, and u. The third cuboid conjecture 1.1 implies 
the following theorem. 

Theorem 1.1. For any three positive coprime integer numbers a, b, and u such 
that none of the conditions (1.2) is satisfied the polynomial Diophantine equation 
(1.3) has no integer solutions. 

A similar theorem associated with the first cuboid conjecture was formulated 
and proved in [2]. A similar theorem associated with the second cuboid conjecture 
was formulated in [3]. However, it is not yet proved. 

Being a weaker proposition than the conjecture 1.1, the theorem 1.1 in our 
present case is also rather difficult. Probably it is equally difficult as the third cuboid 
conjecture itself. Below in section 6 we formulate and prove a structural theorem 
for the solutions of the Diophantine equation (1.3). This structural theorem is the 
main result of the present paper. 

2. The inversion symmetry. 

The polynomial Pabuit) in (1.1) possesses some special properties. They are 
expressed by the following formulas which can be verified by direct calculations: 

Pabuit) = Pbauit), Pabui-t) = Pabuit)- (2.1) 

The first equality (2.1) means that the polynomial Pabuit) is symmetric with re- 
spect to the permutation of the parameters a and b. The second equality is also 
a symmetry. It is called parity. This symmetry means that that the polynomial 
Pabuit) is an even function of its argument t. 

Apart from the two symmetries (2.1), the polynomial Pabuit) has a third symme- 
try which is called the inversion symmetry. Having three positive integer numbers 
a, b, and u, we define the transformation 

a: (a, 6, u)i — > id, b,u) (2.2) 

by means of the following three formulas: 

lcm(a, 6, u) ~ lcm(a, 6, u) lcm(a, b,u) 

a= , 0= ; , u= . (2.3) 

a b u 

The numerator lcm(a, b, u) of the fractions (2.3) is the least common multiple of 
the integer numbers a, 6, and u. The formula 

p .,N Pabuilci-nia,b,u)/t)t^^ 

Pa{abu)it) = 4,4 4 (2-4) 
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is written in terms of the transformation (2.2). This formula is easily verified 
by means of the direct calculations. The formula (2.4) expresses the inversion 
symmetry of the polynomial (1.1). 

3. Some prerequisites. 

Lemma 3.1. For any three positive integer numbers a, b, and u the numbers a, b, 
and u produced by applying the transformation (2.2) are coprime. 

Proof. Let pi . . . , p„ be the prime factors of the numbers a, b, and u. Then we 
can present a, 6, and u in the following way: 

n n n 

a = npr% b^Y[pt\ u = Y[p^'- (3.1) 

z— 1 i—1 i—1 

The multiplicities Ofi, /3i, and tOi in (3.1) obey the inequalities 

a^ ^0, A ^ 0, io, ^ 0. (3.2) 

Using the multiplicities (3.2), we define the integer numbers 

9, =ina-K{at,/3,,uji). (3.3) 

Then the least common multiple Z = lcm(a, 6, w) in (2.3) is expressed through the 
above numbers (3.3) in the following way: 

n 

Z^\cTn{a,b,u) = Y[p^\ (3.4) 

2=1 

Let's substitute the formulas (3.1) and (3.4) into the formulas (2.3). As a result 
we derive the following expressions for a, b, and u: 

n n n 

«=np''""% ^=^^'•"'^ -=i[p''-^'- (3-5) 

i—1 i=X i—X 

The greatest common divisor of the numbers a, 6, and u in (3.5) is calculated by a 
formula very similar to (3.5). Indeed, we have 

n 

gcd{a,b,u) = l[pp, (3.6) 

4=1 

where the exponents tt^ are given by the formula 

7r,j = mm{9, - a,, 9, - fi,,9, - uji). (3.7) 

Comparing (3.7) with (3.3), we easily see that nt = for all i = 1, . . . , n. Sub- 
stituting TTi = into (3.6), we derive gcd(a,6, u) = 1. By definition the equal- 
ity gcd(a, b,u) = 1 means that the numbers a, 6, and u are coprime. Thus, the 
lemma 3.1 is proved. D 
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Lemma 3.2. // three positive integer numbers a, h, u are coprime and if the num- 
bers a, b, u are produced by applying the transformation (2.2) to a, b, u, then, 
applying the transformation (2.2) to a, b, it, we get back the numbers a, b, u. 

Proof. In order to prove the lemma 3.2 it is convenient to use the formulas (3.1) 
for the numbers a, 6, u and the formulas (3.5) for the numbers a, &, and u. The 
coprimality condition for a, b, u is written as 

n 

gcd(a,&,u) = []pf =1. (3.8) 

i=l 

For the exponents S,i the equality (3.8) yields the formula 

^i = min(ai,/3i,a;i) = 0. (3.9) 

Let's denote through a, 6, ii the numbers obtained by applying the transforma- 
tion (2.2) to the numbers 5, 6, ii. Then we have 

lcm(a, 6, u) - lcm(a, 6, w) lcm(a, &, u) 

a= z , 0= , u~ ; . (3.10) 

a b u 

The numerator of the fractions (3.10) is calculated according to the formula 

n 

\cTn{h;b,u) ^\{p^% (3.11) 

i=l 

where the exponents Q are given by the formulas 

Ci = max(6'j - a^,e^ - (3^,9^ - Ui) = 0i - mm{ai, l3^,uj^). (3-12) 

The formula (3.12) is derived from (3.5), while 6i are given by the formula (3.3). 

Now, applying (3.9) to (3.12), we derive Q = 9i. The rest is to substitute d = 9i 
into (3.11) and then substitute (3.11) into (3.10). And finally, applying the formulas 
(3.5) to the transformed formulas (3.10), we derive 

a = f[pt\ b=f[pi'\ u = f[pr. (3.13) 

2—1 i—1 i—1 

Comparing (3.13) with (3.1), we find that the lemma 3.2 is proved. D 

The lemma 3.2 means that transformation (2.2) acts as an involution upon co- 
prime triples of positive integer numbers (a, 6, u), i. e. we have the equality 



(T = (T o a 



= id. (3.14) 



Lemma 3.3. Let a, b, u be three positive coprime integer numbers and let a, b, ii 
be the numbers produced from a, b, u by applying the transformation (2.2). // one 
of the conditions (1.2) is fulfilled for a, b, u, then the same condition is fulfilled for 
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a, b, u, i. e. 1) a — b implies a = b, 2) a = b ~ u implies a ^ b = u, 3) bu ~ a^ 
implies bu = a} , 4) ciu = b'^ im,plies du ~ b^, 5) a ~ u im,plies a = u, and finally 
6) b = u im,plies b = u. 

Lemma 3.4. Let a, b, u be three positive coprime integer numbers and let a, b, 
u be the numbers produced from a, b, u by applying the transformation (2.2). // 
none of the conditions (1.2) is fulfilled for the numbers a, b, u, then none of them 
is fulfilled for the numbers a, b, it. 

The lemma 3.3 is proved by m.eans of direct calculations with the use of the 
formula (2.3). The lemma 3.4 is immediate from the lemma 3.3. 

Assume that we have an equation (1.3) with the parameters a, b, u satisfying 
the assumptions of the theorem 1.1. Then due to the lemma 3.4 the equation 

Pa(abu){t)=0 (3.15) 

is also an equation of the form (1.3) whose parameters satisfy the assumptions of 
the theorem 1.1. For this reason and due to (3.14) the equations (1.3) and (3.15) 
ate called a-conjugate cuboid equations. 

4. Integer solutions of o--conjugate cuboid equations. 

Assume that the polynomial Pabu{t) has an integer root t = A{). Since a, 5, u 
are nonzero integers, we have Aq ^ 0. Then due to the inversion symmetry in (2.4) 
the cr-conjugate polynomial Pa-{abu) has an integer root t — Bq, where 

B, = W^. (4.1) 

The integer number Bq in (4.1) is also nonzero. Applying the parity symmetry 
from (2.1), we conclude that the polynomial Pabu{t) has the other integer root 
t — — Ao, while Pa(abu){t) tias the other integer root t = —Bq. As a result the 
polynomials Pabu{t) and Pa{abu){t) split into factors 

Pabuit) = [t^ - Al) Cio(t), Paiabu)it) = (t' - Sg) ^lo(0 (4-2) 

with ^0 > and Bq > 0. Here Cio(t) and Dio{t) arc tenth order polynomials 
complementary to t^ — Aq and i^ — Bq. Applying (2.1) to (4.2) we derive 

Cioit) = Cioi-t), Dw{t) = Dwi-t). (4.3) 

Due to (4.3) the polynomials Cs{t) and Dg,{t) are given by the formulas 

Cio(i) = t'° + Cs i^ + Ce t*^ + dt* + C2 <' + Co, 
Dioit) ^ t^o + Dst^ + Dg f + Dit'^ + D2 t^ + Do. 

Now let's apply the inversion symmetries from (2.4) to (4.2). As a result we get 

^' -aH^u^/Bl ' ^' aH^u^/Al ^ ' 
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Applying the symmetries (4.5) to (4.4), we derive a series of relationships for the 
coefficients of the polynomials Cio{t) and Z?io(t): 

Co Z'^ = -a^ b^ u^ Bl, C2 Z^ = -a^ b^ u^ bI Ds, 

CiZ^ ^-a'^b^u^B^De, Cq Z^ = -a^b^ u^ bI D^, (4.6) 

Cg ^10 = -a^ b^ u^ Bl D2, ^12 = -a^ b^ u^ B^ Do, 

Do Z^ = -a'' ¥ ii" Al, D2 Z^ = -a^ b^ u^ Al Cs, 

DiZ^ = -h'^¥u'^AlCQ, DqZ^ ^-h^b'^u'^Ald, (4.7) 

D^ Zi" = -~a^ ¥ u^ Al C2, ^12 = -a4 ^4 ~4 ^2 ^^ 

Here we use the notations (3.4), i.e. the relationships 

Z = lcm(a, 6, w) = lcm(a, &, u) (4-8) 

are fulfilled for the parameter Z in (4.6) and (4.7). The equations (4.6) and (4.7) 
are excessive. Due to (2.3) and (4.8) some of them are equivalent to some others. 
For this reason we can eliminate excessive variables: 

^ _ a^b^u^Bl ^ _ a^b^u^B^Ds 

Co- Y^ , C2- -^ , 

C4- Ye ' ^°^ Y^ ' ^^-^^ 

a'^b^u^AlCs ^ a^b^u^AlCe 

D2- Y ' ^'- Y^ • 

Substituting (4.9) into the formulas (4.4) for Cio{t) and Dio{t), we get 
Cioit) = t^" + Cst^ + Ce f - a^ b^ u'^ B^ De Z"^ i^ - 



- a^ b^ u^ Bl Ds Z-^ e - a^ b^ u" Bl Z-\ 



(4.10) 



Dio(i) = t''> + Dsr + De r - h" b^ u^ A'o Cg Z'" ^ 
ilCsZ-^t^-a^b^u^Al 



- a^ b^ u^ Al Ch Z-^ t" - ~a^ b^ u^ AlZ-\ 



Having derived the formulas (4.10), we substitute them back into the relation- 
ships (4.2). As a result we derive the following formulas: 

Pabu{t) = t^^ + (Cs - Al) tio + (Ce - Al Cs) f - 
Al Ce Z^ + Bl a^ b^ u^ D^ ^^ Bl a^ b^ u^ {D^ Z^ ~ Al D^) ^4 ,^„, 

Bl a^ b^ u'^ (Z^ - Al Ds) 2 ^l Bl a^ 6^ u^ 
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Pa(abu) (t) - t'' + (^8 - ^2) f 10 + {De - B^ D^) i« - 

Bj De Z^ + Al a^ b^ u^ C^ ^, Aj ~a^ b^ u^ {C^ Z^ - Bl C, ) ^^ 

Z^ Z^ ^ > 

Al~aH^u\Z^-BlC^) 2 BlAlhH'^u^ 



2A ' ^2 • 

The polynomial Pabu{t) in (4-11) is initially given by the formula (1.1). As for the 
polynomial Pa[abu){t) it is produced from the polynomial (1.1) by substituting a, 
6, and ii for the parameters a, b, and u respectively: 

Pa{abu) {t) = t^^ + (6 U^ - 2 a^ - 2 &2) tlO + (a4 + ^4 _^ ~4 _^ 4 ~2 ~2 _^ 

+ 4b^u^ -12 b^a'^)t^ + {6 d^u^ +6 u'^b'^- 8 a'^ ~9 u^ - 
-2u^ ~a^ - 2uH'^ ~ 2^^^ - 2¥ ~a')t'' + {Au^¥ -a" + (4.13) 

+ ^u''~a^b' - 12 u^~a^b' + u^ 'a" + uH^ + a^ 6^) < V 

Comparing the formula (4.11) with (1.1) and comparing the formula (4.12) with 
(4.13), we derive twelve equations for the coefficients of the polynomials (4.10). 
Two of them are equivalent to the equation (4.1) written as 

AoB^ = Z. (4.14) 

The other ten of these equations are written as follows: 



^a\ 



Cs-Al = 6u^-2a^-2b^, 
Ds - B^ = 6u^ - 2h^ - 2b^ , 

Ce - AlCs = a^ + b"^ + u-^ + 4a^ u^ + Ab^ u"^ - 12b 
Dq-B^Ds = &-^ + b-^ + u* + ia'^ iL^ + Ab^ ii^ ~ 12b^ h^ , 

-{Al Ce Z^ + Bl a^ 6* u^ Dq) Z-^ = Qa^ u^ + Qu^ b^ ~ 
-^a^b^u^ -2u^a^ -2u^b^ -2a^b'^ ~2b^a^, 

-~{Bl De Z^ + Al 5^ 5* u^ Ce) Z-^ ^ Ga^u' + 6u^b^ ~ 
- 8~a^b^ u^ - 2u^ h^ - 2u^b^ - 2a^b^ - 2¥ h^ , 

Bla*b*u^{AlDe-DsZ^)Z-'=4uH^a^ + 
+ 4u^ aH^ ~ 12u^ aH^ + u^ a^ + uH* + aH\ 

Al a^ b^ u" {Bl Ce - Cg Z"^) Z'^ = Au^¥a^ + 
+ Au^ h^y ~ 12u^ h^y + u* h^ + u^¥ + h-'b^ 

Bl a* b^u\AlDf,-Z^)Z-^ = Q a* uH^ - 2 u^ aH'' - 2 u* b" a" , 
Ala*b^u^BlCs-Z^)Z-^ = 6~a^u^b*~2u*5,*b^-2u*b^a\ 



(4.15) 
(4.16) 

(4.17) 



(4.18) 



(4.19) 
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Note that the parameters a, h, u and a, 6, ii are related with each other by means 
of the formulas (2.3). Now we write these formulas as follows: 

ad = Z, ab=Z, uu = Z. (4.20) 

The equations (4.15), (4.16), (4.17), (4.18), (4.19) are excessive. Indeed, the equa- 
tions (4.18) can be derived from the equations (4.16) by applying the equalities 

(4.14) and (4.20). Similarly, the equations (4.19) can be derived from the equations 

(4.15) by applying the equalities (4.14) and (4.20). As for the equations (4.15), 
(4.16), (4.17), when complemented with the equation (4.14), they constitute a sys- 
tem of Diophantine equations with respect to the integer variables Cs, D^, Cg, Dq, 
A(j and B^. The results of the above calculations are summarized as a lemma. 

Lemma 4.1. For any three positive coprime integer numbers a, h, and u the poly- 
nomial Pabu (t) has integer roots if and only if the system of Diophantine equations 
(4.14), (4.15), (4.16), and (4.17) is solvable with respect to the integer variables Cs, 
Dg, Cq, De, Ao > 0, and Bq > 0. 

Now let's consider the equations (4.17). They are not independent. The second 
equation (4.17) can be derived from the first one. Indeed, it is sufficient to multiply 
the first equation (4.17) by tu'^ta'^th'^ Z~^ and then apply the relationships (4.20). 
Due to this observation we can omit the second equation (4.17) preserving the first 
equation (4.17) only. We write this equation as follows: 

5^ b^ u^ Ai Ce + a^ b^ u^ B^ Dq = Z'^ (8 Z^ - 6 b^ a^ - 

(4.21) 
- 6b^ a^ + 2a^ u"^ + 2b'^ u'^ + 2^1^ a'^ + 2u^ b^). 

The equation (4.21) is produced from the first equation (4.17) by multiplying it by 
a^ h"^ V? and then applying the relationships (4.20). In terms of the equation (4.21) 
the above lemma 4.1 is reformulated as follows. 

Lemma 4.2. For any three positive coprime integer numbers a, b, and u the poly- 
nomial Pabu(t) has integer roots if and only if the system of Diophantine equations 
(4.14), (4.15), (4.16), and (4.21) is solvable with respect to the integer variables Cg, 
Dg, Ce, De, Aq > 0, and Bq > 0. 

Note that the equations (4.15) can be explicitly resolved with respect to the 
variables Cg and Dg. As a result we get 



(4.22) 



Similarly, the equations (4.16) can be explicitly resolved with respect to the vari- 
ables Ce and De- Resolving them, we get 

Ce = A^ Cg + a* + 6^ + m"* + 4 a^ m2 + 4 ^2 ^2 _ -^3 b"^ a^ 

(4 23) 
De = B^Ds + &'^ + b* + u* + ih^ u^ + U^ u^ - Ub^ a^ . 

Then we can substitute the expressions (4.22) for Cg and Dg into the equations 
(4.23). As a result we get the expressions for Cg and Dq directly through Aq and 



Cs 


= Al + 6u^- 


-2a^- 


-2b\ 


Ds 


= B^ + 6 u^ - 


-2~a^- 


-2P 
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Bq. We write these expressions in the fohowing way: 

(4 24) 
+ b'^ + i/ + 4a^i2 + 46^ u2 - 12 fe2 ^2, 

Dq ^ Bl [Bl + Qu^ - 2h^ - 2P) + a^+ 

" ° (4.25) 



-■^ ' Ah'^u'^ + A b^ii^ -12 b^d.'^ 



The next step is to substitute (4.24) and (4.25) into the equation (4.21). As a result 
we obtain the following equation for the variables Aq and Bq: 



~c? b^ u^ Al {Al{Al + Qu^ - 2a^ - 2b^) + a^ + b^ + u^ + A a^ u^+ 

+ 4 6^ ^2 _ 12 52 ^2j _^ ^2 ^2 ^2 ^2 (^^2 (^2 ^ 6 u^ - 2 5^ - 2 ^2) + 

+ a* + 6* + u* + 4 ^2 u2 + 4 52 ^2 _ -^2 &2 ^2-) _ ^4 (g ^2 _ 

- 6 6^ a^ - 6 6^ a^ + 2 a^ u^ + 2 6^ u^ + 2 ii^ a^ + 2 u^ 9) = 0. 



(4.26) 



With the use of the equation (4.26) now the lemma 4.2 is reformulated as follows. 

Lemma 4.3. For any three positive coprime integer numbers a, b, and u the poly- 
nomial Pabu (t) has integer roots if and only if the system of Diophantine equations 
(4.14) and (4.26) is solvable with respect to the integer variables Aq > 0, and Bq > 0. 

5. The prime factors structure. 

Below we continue studying the equations (4.14) and (4.26) implicitly assuming 
a, b, and u to be three positive coprime integer numbers. Assuming pi, ... , p„ to be 
the prime factors of a, 6, and u, we apply the formulas (3.1) with the multiplicities 
ai, j3i, and w^ obeying the inequalities (3.2). For the least common multiple Z of 
the numbers a, 6, and u in (4.8) we use the formula (3.4), where the exponents 9i 
are given by the formula (3.3). 

The equation (4.14) combined with the formula (3.4) means that the numbers 
Aq and Bq cannot have prime factors other than pi, ... , p„. Therefore we write 

Ao=pr^-...-p^, i3o=p^•...•p^. (s.i) 

In terms of (5.1) and (3.3) the equation (4.14) yields the equalities 

A*i + m = Si (5.2) 

for each particular value of the index i = 1, . . . , n. The coprimality condition for 
the numbers a, 5, u is gcd(a, 6, it) = 1. It leads to (3.8) and (3.9). Due to (3.9) at 
least one of the three options is fulfilled for each particular i = 1, ... , n: 

ai = 0, or (ii = 0, or Ui = 0. (5.3) 

Note that the multiplicities a^, Pi, and Ui in (5.3) cannot vanish simultaneously. 
For this reason, applying the formula (3.3), we derive 

6'j = max(ai, /3i,a;i) > 0. (5.4) 
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The inequality (5.4) means that the niuhiplicities ^i and rji in (5.2) cannot vanish 
siniuhaneously either. 

In order to investigate the equation (4.26) we introduce the notation niuhp(7V) 
for the multiplicity of the prime number p in the prime factors expansion of N: 

multp(A^) = k means A^ = iV' • p'', where iV' ^ (mod p). (5.5) 

Assume that an integer number iV is a sum of some other integer numbers: 

N = Ni + ... + Nm. (5.6) 

Let's denote through ki ~ multp(A'i) the multiplicities of the summands in (5.6) 
and denote through fcmin the minimum of these multiplicities: 

kmin = min(fci, . . . , k„i). (5.7) 

In terms of the notations (5.5), (5.6), and (5.7) we can formulate the following three 
simple lemmas. Their proofs are obvious. 

Lemma 5.1. // exactly one term Ng in the sum (5.6) has the m,inimal multiplic- 
ity kg = /cmin, then the multiplicity of the sum in whole is equal to this minimal 
multiplicity, i. e. Tmiltp{N) = kg = fcmin- 

Lemma 5.2. // more than one term in the sum (5.6) has the minimal multiplicity 
fcmin, then mn\tp{N) ^ fcmin- 

Lemma 5.3. If exactly one term Ns in the sum (5.6) has the minimal multiplicity 
kg = fc'min- then the sum N cannot vanish, i. e. N ^ Q. 

Using the notation (5.5) and the above three lemmas 5.1, 5.2, and 5.3, below we 
study several options derived from (5.3). 

The case ai > /3i > uji = and pi ^ 2. In this case the multiplicities of the 
parameters a, b, and u obey the following equalities and inequalities: 

multp;(a) = ai > multp. (6) — Pi> multp;(M) = ojj = 0. (5.8) 

Applying the formulas (3.3), (3.4), and (4.20) to (5.8), we derive 

9i = multp. (Z) = ai, Oii =multp^(a) = 0, 

(5-9) 
^i = multp, [h) ^ ai -Pi, (Ml ^ multp^ (w) = a^. 

Combining (5.9) with the inequalities (5.8), we get 

multp, (u) = LJi > multp, (6) ~ Pi > multp, (a) = a^ = 0. (5.10) 

In order to continue studying the equation (4.26), we write this equation as 

a^ P u^ Al Ce + a^ \? u^ B^ Dg - Z^ E ^ 0, (5.11) 

where Cq and Dq are given by the formulas (4.23), while £■ is a new parameter: 

E = 8 Z^ - 6b^ a^ ~ 6b^ a^ + 2h^ u^ + 2b^ u^ + 2u^ a^ + 2ii^ b^ . (5.12) 
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The right hand side of the forniula (5.12) is a sum of seven terms. Applying the 
formulas (5.8), (5.9), and (5.10) and taking into account that pi ^ 2, we derive 

multp,(8Z'*) = 2ai, imiltpX~6b^ a^) ^ 4aj -2/3,, 

mu\tp^{~6b^5.'^)^2i3„ mu\tp^{2p u'^) ^ 2 at ~ 2 /3„ (5.13) 

multp,(2u^a^) = 4ai, multp,(2{t^ 6^) ^2 at + 2 Pi, 

The only term with the minimal multiplicity in the sum (5.12) is the term 2 a^ v?: 

Tim\lp^{2h^u^) = 0. (5.14) 

Applying the lemma 5.1, from (5.13) and (5.14) we derive the multiplicity of E: 

multp^ (£;) = 0. (5.15) 

Using (5.15), we can calculate the multiplicity of the last term in (5.11): 

multp^ {-Z'^ E)^Aai. (5.16) 

Assume that both multiplicities fii and rji in (5.2) are nonzero. Under this 
assumption for the terms in the right hand side of the formulas (4.23) we have 

multp. {Aq Cg) ^ 2 /ii, multp. (a ) = 4 a^, 

multp, (b*) = 4/3,, multp, (u^) = 0, 

multp, (4 a^ u^) = 2 aj, multp, (4 6^ u^) == 2 /3i, 

mn\tp.{-l2b'^a'^) = 2a, + 2(3„ rniiltp. {B^ Ds) ^ 2 r]i, (5.17) 

multp. {a*) = 0, multp, (6^) = 4 a^ - 4 /3i, 

multp; (u ) — Aai, multp. (4 5, u ) ~2ai, 

multp. (4 b^ u^) = 4 a, - 2 Pi, multp. (-12 b^ 5^) == 2 a, - 2 Pi. 

Applying the formulas (5.17) and the lemma 5.1 to (4.22), we find 

multp,(C6) = 0, multp,(i:>6) == 0. (5.18) 

Now we apply (5.18) to the equation (5.11). As a result we get 



multp, (a^ b'^ u'^ AlCe) = Aui - 2 Pi + 2 fii, 
mnltp^ (a^ b"^ u^ B^ Dg) ^ 2 a, + 2 p, + 2 m. 



(5.19) 



Due to (5.19) and (5.16) the lemma 5.3 applied to the equation (5.11) means that 
at least one of the following three conditions should be fulfilled: 

4a. -2/3, + 2/i, = 4aj ^2ai + 2pi + 2r]i, (5.20) 

2a, + 2/3, + 2?/, = 4a, ^4a, -2/3, + 2^„ (5.21) 

2a, + 2^ + 277, = 4a, -2/3, + 2//, s^4a,. (5.22) 
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The equality in (5.20) is easily resolvable. Resolving this equality, we obtain 

Hi=^l3i, T]i = ai-l3i. (5.23) 

Substituting (5.23) back into (5.20), we find that the inequality (5.20) turns to the 
equality and the condition (5.20) in whole appears to be fulfilled. 

The equality in (5.21) is also easily resolvable. The solution of this equality coin- 
cides with (5.23). Substituting (5.23) into (5.20), wc again find that the inequality 

(5.21) turns to the equality and the condition (5.21) in whole appears to be fulfilled. 
Similarly, the solution of the equality (5.22) coincides with (5.23) and the condition 

(5.22) in whole appears to be fulfilled upon substituting (5.23) into it. 

The subcase ^j = is slightly different. The formula (5.16) remains unchanged, 
while the formulas (5.19) in this subcase are replaced by the following ones: 

multp, (a^ 6^ u^ B^ ZJg) = 4 a, + 2 /3i. 

Due to (5.24) and (5.16) the lemma 5.3 applied to the equation (5.11) means that 
at least one of the following three conditions should be fulfilled: 

G=4a, ^4a, + 2/3„ (5.25) 

Aai + 2|3^ = 4ai^Ci, (5.26) 

4a, + 2/3, = 0^4a,. (5.27) 

The conditions (5.26) and (5.27) are inconsistent since /3i > 0. However, the subcase 
/Xi = in whole is consistent because (5.25) is consistent. In this subcase rji = at 
due to the relationships (5.2) and (5.9). 

The subcase T]i = is another option. In this subcase the formula (5.16) 
remains unchanged, while the formulas (5.19) are replaced by the following ones: 

multp, {a^Pu^AlCe)=6a,~2/3,, 
umltp^ia'^b'^u^ B^De)=^i^2ai + 2l3i. 

Due to (5.28) and (5.16) the lemma 5.3 applied to the equation (5.11) means that 
at least one of the following three conditions should be fulfilled: 

6 a, -2/3, = 4 a, ^e„ (5.29) 

6 =4a, s$6a, -2A, (5.30) 

C, =6a,-2A^4a,. (5.31) 

The conditions (5.29) and (5.31) are inconsistent since ai > Pi. However, the 
subcase r^i = in whole is consistent because (5.30) is consistent. In this subcase 
/ii = ai due to the relationships (5.2) and (5.9). 

The cases and subcases are too numerous. In order to describe them we use 
tables. For this purpose let's introduce the following notations: 

mc = multp, {a^ ~\p- u^ Al Cg), mo = multp^ (a^ 6^ u'^ B^ De). (5.32) 
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Besides (5.32), let's denote through tue the muhiphcity of the last term in (5.11): 

tue = multp, (-Z-* E). (5.33) 

In terms of (5.32) and (5.33) we build the table for the first case considered above. 
Table 5.1 



ai > Pi > Ui : 


= 0, p, ^ 2 


/ii > and i]i > => ^i = Pi and r^i ~ ai 


~|3^ 




mc = 4ai - 


-2^i + 2/i,, mo = 2a^ + 2(3^ + 2^„ tue = 


4 a, 






4a, -2^i + 2At, = 4a, S^2a, + 2 pi + 2r]i 




V 




2a, + 2/3, + 277, = 4a, < 4ai - 2/3, + 2^i 




V 




2 a, + 2 /3, + 2 ?/, = 4 a, - 2 /3, + 2 /i, ^ 4 ai 




V 



The first row of the table 5.1 is a general information. The second row of this table 
reflects the formulas (5.19) and (5.16). The rest of this table is the conditions (5.20), 
(5.21), and (5.22). Check marks say that all of these conditions are consistent. 

Table 5.2 



ai> Pi> oji = 0, p, ^ 2 


/i; = and rji ^ ai 


JTic = Ci 5^ 4ai - 2/3,, mD=4a, + 2;3i, 


tue = 


= 4ai 




C,=4ai^4a, + 2/3i 






V 


4a, + 2/3, = 4a, sc;C, 








4a, + 2/3, = C* s;4ai 









The last two rows in the table 5.2 are not check marked. This means that the 
corresponding conditions (5.26) and (5.27) are not consistent. 

Table 5.3 



ai> Pi> uji 


= 0, p, ^ 2 


fii = ai and rji = 


mc = 6 ai 


-2/3„ mz5=e»^2a, + 2A, 


rriE = 


= 4ai 




6 a, - 2 /3i = 4 ai ^ ^i 










^, =4ai ^6a, -2;3i 






V 




^, =:6ai-2/3i <4ai 









Below we list other cases and subcases in a tabular form without any detailed 
comments for them. 

Table 5.4 



ai > /3i > Wi = 0, p, = 2 


fii > and 77i > => ^i = Pi and 77i = ai 


-P^ 


mc = 4:ai-2l3i + 2fi.i, mo ^ 2ai + 2 Pi + 2r]i, mE = 


4a, + 1 


4ai-2;3, + 2^i = 4a, + 1 s^ 2a, + 2/3i + 277i 
2ai + 2/3, + 277, = 4ai + l ^ 4ai - 2/3, + 2^i 
2 ai + 2 /?, + 2 77, = 4 ai - 2 ft + 2 ^i ^ 4 a, + 1 


V 
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ai> /3^>U}^ = 0,p^=2 


/ii = and rji — cxi 


mc ~ Ci ^ 4 a^ — 2 /3i , mjj ^ 4ai + 2 l3i, 


niE = 


= 4 tti + 1 


= 4 a, + 1 s^ 4 tti + 2 ;9i 






V 


4ai + 2A=4a, + 1 ^0 








Aai + 2p,^C s;4a, + 1 









Table 5.6 












tti > /3j > w. 


^0,P^ = 2 


/ii = ai and ?7i = 


TO(7 = 6 tti - 


-2/3„ 


mi5=6>2a, + 2^, 


tob = 


= 4 a, + 1 


6 Oi - 2 /3, = 4 a, + 1 sC ^, 
Cj = 4 Qfj + 1 s^ 6 ai - 2 ;3i 
^,^6a,^2pi^Aa, + l 


V 



Table 5.7 



a,> P^ = UJ^ = 0, p» 7^ 2, 3 


?7i > =^ 77i = Oi and /i^ 


==0 








"T-c = ^ 4 a-i + 2 ^i, mo == 2 a^ + 2 77^, 




rriE = 


= >fi ^ 4 a 




^fTi = Ci =^ 2 ai + 2 ?7i 








V 


>fi = 2 aj + 2 ryj < 








V 


= 2 a, + 2 77, s; >^, 








V 



Table 5.8 










ai > A = w, = 0, p^^2,3 


rji = and /i^ = a^ 


mc = Ci^ 6ai, 


"^D =Cj ^ 2 a,, 


m^ = 


= Ki ^ 4:ai 




>^^ = c «; c« 






V 




>ii^ ^i ^ Ci 






V 




Ci = Ci =^ ^i 






V 



The following tables correspond to the special values of the prime factor pi, i. e. 
to Pi = 2 and to pi = 3. 



Table 5.9 










ai > Pi = uji = 0, Pi ~ 2 


r]i > ^ i]i ^ ai and fii 


= 




mc = Ci^ 4:ai + 2fii, 


niD =^2ai + 2rii, 


niE = 


= Xi ^ 4 ai + 1 




>*, = Ci < 2 a, + 2 77, 










>*, = 2 a, + 2 ?7, s$ 










C^=2ai + 2r]^!^ K, 






V 
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Table 5.10 












ai> Pi^uji^ 0, Pi = 2 


rji — Q and ^i — at 


mc = Ci> 6ai, 


mo ^ £,i^ 'i'OCi, 


niE = 


= Xi ^ 4 oil 


+ 1 




Xi = Qi^ £i 








V 




X^=U^ Q 








V 




Ci ^ ^i ^ ^i 








V 



Table 5.11 








ai > A == ^i = 0, p, = 3 


?7i > => ?7i = ai and ^^ = 


TOc = C ^ 4aj + 2/x,, 


mi) = 2ai + 2?7,;, 


m^; = 4q 


i 




4ai = s$2ai + 2 77. 




V 




4ai = 2a, + 2r/, <0 




V 




= 2a, + 277, <4a. 




V 



Table 5.12 



ai> ^i^LOi^ 0, Pi 


= 3 


??» 


= and [ii — Ui 






JTic = Ci ^ 6ai, 






rriD = Ci ^ 2ai, 


iue = 


= 4a, 








4ai =Ci <C^ 














4ai =Ci^C^ 






V 








C^^C^^4.a^ 









In the following cases the multiplicity Pi is not zero. It is equal to the multiplicity 
ai and, according to (3.3), we have 6i = viiax.{ai,j3i,uii) ~ Ui. 



Table 5.13 



ai= Pi>uJi= 0, p, ^ 2 


fii > => ^i ^ Ui and m 


= 






mc = 2aj + 2^i, 


mo = Ct ^ 4Q:i + 2 77^, 




rriE = 


= Xi^ Aui 




2 a; + 2 ^i = >f:i s$ Ci 








V 




Cj = >*, SC 2 Oi + 2 /i. 








V 




Ci == 2 Qfj + 2 /ij s^ >!ri 








V 



Table 5.14 












ai = ;3i > uji = 0, p,; 7^ 2 


Mi 


= and 77i = ai 






77^c = Ci 55 2a,, 




mo = Ci ^ 6ai, 


m,E = 


= Ki ^ A ai 






C. ^>i^^C^ 






V 






^i = Xl ^ Ci 






V 






C* = < X, 






V 
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The case pi — 3 for a; = /3i > uji = leads to the same equahties and inequahties 
as the other cases in the tables 5.13 and 5.14. 



Table 5.15 














a^ = I3i > uji ^ 0, Pj 


= 2 


fit > => fit = tti and 7]i 


= 






mc = 2 a, + 2^i, 




mo = £,1^ 4:ai + 2rii, 


niE = 


^ Xi ^ Aai 


+ 1 


^.^^ >ti ^2ai + 2 ij.^ 
^, = 2 a, + 2 fii s$ Xi 


V 



Table 5.16 












a^ = /3, > u}, = 0,p,-- 


= 2 


Hi = and 77.i = q^ 


mc = ^ 2 a,;, 




mi) = Ci > Qcti, 


me = 


= ^fTj > 4 Qfi + 1 






Q^ Xi^ £,i 






V 






?« = X, < 






^/ 






e- = ^ ><. 






V 



In the following cases the multiplicity /3i is zero, while uii is nonzero. 
Table 5.17 



ai > uji > pi ~ 


= 0,p, ^2,3 


^i > and rji > => /i^ = Wi and ?7i = ai 


-UJ, 


mc = 4 ai - 


- 2 Wi + 2 ^i , m/5 = 2ai + 2uji + 2i}i, niE = 


4ai 




4 a; - 2 Wi + 2 yu, = 4 a.; < 2 a, + 2 cj, + 2 rji 




V 




2 ai + 2 Wi + 2 ?/, =: 4 Qii < 4 a, - 2 Wi + 2 ^i 




V 




2 Oi + 2 Wi + 2 77i = 4 ai - 2 w, + 2 /i, sC 4 ai 




V 



Table 5.18 










a, > uji > /3, = 0, p, 7^ 2, 3 


/ii = and ry.; = a^ 


mc = Ci i* 4 Oi — 2 Wi , ?7i,£) = 4 cii + 2 Wi , 


tob 


= 4 a; 


Q=AaiS^4a,+2 uJi 






x/ 


4 a, + 2 w, = 4 a, ^ 








4 a, + 2 w, = s$ 4 a. 









Table 5.19 



Qi > Wi > /3, 


= 0,p, ^2,3 


Hi = a,; and rji = 


TOc = 6 tti 


— 2wi, niD = ^i'^ 2ai + 2uji, 


VflE = 


= 4ai 




6ai — 2uji = Aai ^ S,i 










Ci = 4 a; sc; 6 tti - 2 Wi 






y 




Ci = 6 a; - 2 cji s^ 4 Qfi 
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Table 5.20 



ai> uji> Pi 


= 0, p,; = 2, 3 


fj,i > and ?7i > =^ /li = Wi and rji 


= a, - W,; 


mc = 4 ctj 


-2a;.j + 2^j, m^i = 2 a^ + 2 Wj + 2 77^, m^ 


= 4a, + l 




4 Q!j - 2 Wi + 2 ^i = 4 Qfi + 1 s$ 2 a,; + 2 w, + 2 77i 








2 a, + 2 w, + 2 77j = 4 a, + 1 ^ 4 a,; - 2 Wi + 2 ^i 








2 a., + 2 Wj + 2 r^j = 4 a., - 2 w; + 2 /i^ < 4 «» + 1 




V 



Table 5.21 



ai > w, > A = 0, p,; = 2, 3 


^i — and Ty^ = a^ 


iTT-c = Ci ^ 4 ai — 2 ciJi, mu = 4 a^ + 2 w^, 


TO_E = 


= 4ai + l 


= 4 ai + 1 sC 4 ai + 2 Wi 

4 a, + 2 w, = 4 ai + 1 sC G 
4 a, + 2 Wj = Cj ^ 4 Qfj + 1 


V 



Table 5.22 



ai > UJ^ > Pi -- 


= 0,p, 


= 2,3 


lii — Ui and rji — 


mc = 6 ai - 


-2w„ 


mc =6 ^ 2a^ + 2uji, 


TUe = 


= 4 a, + 1 


6 aj - 2 Wi = 4 Oi + 1 s^ ^j 
Ci = 4 CKi + 1 ^ 6 a; - 2 Wi 
^i = 6 tti - 2 Wi s^ 4 Qfj + 1 


V 



In the following cases the multiplicity coi coincides with the multiplicity ai and, 
according to (3.3), we have 0i = max(ai,/?i, w^) = ai. 



Table 5.23 



a^=UJ^> ft = 0, p, ^ 2, 3 


lii > => /ii = ai and rji = 


= 




mc = 2aj + 2^i, m^) = ^^ ^ 4ai + 27^,, 


?7l£; = 


= Xi ^ 4 ai 


2 tti + 2 /ij = ^fTj < ^, 






V 


C. = ><. sC2a, + 2/.*, 






V 


C» = 2 a, + 2 ^i s$ K, 






V 



Table 5.24 










a, = w, > ft = 0, p, ^ 2, 3 


^i = and 77i = ai 


mc = Ci 55 2a,, 


mo = Ci ^ 6ai, 


niE 


— Xi^ Aai 




C. ^>^^^i^ 






V 




^i ^ Xl ^ Ci 






V 




C^ = < ><. 






V 
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ai=uji> (ii^ 0, Pi 


— 2 


/i,: > => /ii = a,; and 77^ 


^0 






mc ~ 2ai + 2 iii, 




"i_D =Ci > 4ai + 2 77j, 


rriE = 


= >f:i ^ 4 a. 


+ 1 






2 a, + 2 ^i = ><,=$ ^, 














6 = >fi < 2 a, + 2 /i, 














^i = 2 aj + 2 /Ui ^ m:^ 








V 



Table 5.26 












tti = Wj > /3j = 0, p. 


— 2 


/i,: = and ?7i = on 


mc = Ci > 2a,;, 




rriD = £,1^ 6ai, 


ms = 


= Xi^ Aai + l 






^ ^i ^£i 






V 






£i = Xi ^ Ci 






V 






e: = C. ^ ><. 






V 



Table 5.27 



at = uji > (3i = 0, Pj = 


= 3 


fit > ^ fit = ai and rji = 


= 






mc — 2ai + 2 ^li , 




m-D ^ £i^ 4: a, + 2r]i, 




m^ = 


= 4a. 






2a, + 2^j.i=Aai^£i 








y 






Ci = 4 a; s$ 2 tti + 2 /I, 








V 






C, == 2 ai + 2 ^i ^ 4 a. 








y 



Table 5.28 



a^ = U!i > /3^ ^ 0, Pi 


= 3 


fJ-i 


= and r^i — on 






J^c = ^ 2a,;, 






mn = £,i ^ Gcti, 


ms 


= 4a, 








0=4a, ^^^ 






V 








?»-4a, ^Ci 














6: = C.^4a, 









In the following cases the multiplicity uji is greater than the multiplicity ai 
Therefore, according to (3.3), we have 6i ~ max(ai,/3i,a;i) = w^. 

Table 5.29 



uji > ai > Pi 


= 0, p, ^ 2 


yUi > and 77^ > => /ii = a,; and 77^ 


= tJ, - 


-a, 




mc = 4 uji 


-2ai + 2^ii, mD^2uj, + 2ai + 2i]i, 


77T.B 


= 4a; 


i 




Auji - 2ai + 2yu, =4uji s^ 2uji + 2a^ + 2rii 






V 




2 Wj + 2 Oi + 2 ?/, = 4 Wi ^ 4 Wj - 2 a; + 2 /i, 






y 




2 Wj + 2 ai + 2 77, = 4 Wi - 2 a, + 2 //, s^ 4 w, 






y 
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Table 5.30 



UJ^> ai> Pi= 0, p, 7^ 2 


/ii = and rji — uji 


mc = Ct ^ 4a;i - 2ai, 


mjj = 4 Wi + 2 ai , 


rriE 


— Auji 




Q =4:UJ, s; 4:Uj, + 2ai 






V 




4:uj, + 2ai =4w, s; Ci 










4a;j + 2ai^Ci^ Aui 









Table 5.31 



u,> ai> Pi-- 


= 0, p,; ^ 2 


/ij = oji and ?7i = 


mc = 6aji - 


-2aj, 


™d =^i > 2wi + 2ai, 


iriE 


= Auji 






6 Wi - 2 ai = 4 Wi ^ ^i 












i,i — 4,uji S^QiJi ~ 2ai 






V 






^i = 6uji — 2ai ^ 4 cji 









Table 5.32 



Wi > Oi > ,3i = 0, Pi = 2 ^i > and 77.; > ^ ^^ == a^ and 77; = tj^ - a,, 



mc = 4 Wj - 2 a,j + 2 ^i, m^, = 2 tj^ + 2 a.^ + 2 77^, 



vriE = 4 Wi + 1 



4 Wi - 2 a^ + 2 ^i = 4 Wj + 1 ^ 2 Wi + 2 Qfi + 2 77i 
2 Wi + 2 Q!i + 2 ?7j = 4 Wi + 1 s^ 4 w-j - 2 Qfi + 2 ^j 
2 tJi + 2 tti + 2 ?7j = 4 Wi - 2 a; + 2 ^i < 4 Wi + 1 



V 



Table 5.33 



w, > ai > ;3i = 0, p, = 2 


fii =0 and 77i = cji 


JTic = Ci ^ 4a;i - 2ai, ?n_D = 4 Wi + 2 ai , 


TTlB 


= 4a;j 


+ 1 


=4a;, + 1 s$4a;, + 2ai 








V 


4cji + 2aj =4wj + 1 s^ Ci 










4 cji + 2 Qfi = Ci =^ 4 w, + 1 











Table 5.34 



Wj > ai > Pi -- 


= 0, p, - 2 


/ii = uji and ?7i = 


mc = 6uji - 


-2a», 


TOD = ^i ^ 2iLJi + 2ai, 


THE 


= 4wj + l 






6w, -2ai=4Lj, + 1 ^C, 












^i = 4 oji + 1 < Quji~ 2ai 






V 






Cj = 6 w, - 2 aj s^ 4 Wi + 1 









The case Pi = 3 for Wi > ai > /3i = leads to the same equalities and inequalities 
as the other cases in the tables 5.29, 5.30, and 5.31. 
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Wi > ai 


^I3, = 0,p,^2 


?]i > => r]i ^ uji and fM 


= 






mc - 


-- Cx ^ 4:UJ, + 2lJ,„ 


mo = 2 Wi + 2 77j , 




rriE = 


= Xi > 4 Wj 






Q^ Xi^2uj, + 2ri, 








V 






2uj, + 2rj,^}<,^Q 








V 






2uj, + 2f],^Q '^x. 








V 



Table 5.36 



uJi>a^ = /3,^0,p,^2 


Vi 


= and Hi — uji 








mc = Ct > Swj, 




rriD = Ci > 2a;j, 


m^ = 


= tii ^ Alo 


I 






Ci = Xi ^ ^i 






y 






6: = x,^C, 






x/ 






Ci = =^ ^i 






V 



Table 5.37 



Wi > Oli 


= A = 0, p, = 2 


rii > => 77i = Wi and /i^ 


= 






mc = 


= > 4a;,: + 2/1,, 


m_D == 2 a;, + 2 77,, 


TUE = 


= Xi ^ 4 a;, 


+ 1 






Ci ^ Xi ^2uji + 2r]i 














2uj, + 2rj,^}<,^Q 














2u, + 2t], = Q ^Xx 








V 



Table 5.38 



a;, > a, = /3, = 0, p^ 


= 2 


T^j = and Hi = uji 


mc = ^ 6a;,, 




mo = Ci ^ 2uji, 


ms = 


= Xi ^ 4:UJi + 1 






C,i = Xi ^ ^i 






V 






^r^Xr^ C^ 






V 






6: = C» =^ ^i 






V 



Note that in all of the above cases ai ^ /3i . The rest of the cases are those where 
ai < Pi. Let's recall that the polynomial Pabu{t) in (1.1) is invariant with respect 
to exchanging parameters a and h (see (2.1)). The same is true for Pa(abu){t) in 
(2.4). Therefore we can produce the rest of the cases from those already considered. 



Table 5.39 (symmetric to the table 5.1) 








/3, > ai > a;, = 0, p, 7^ 2 


Hi > and 77^ > => Hi = (^i and 77; 


-/?,- 


-ai 


mc = 4^/3, -2a, + 2 Hi, mo = 2 f3, + 2a, + 2Tji, 


JTlB : 


-4A 


4A-2a, + 2/ii = 4ft <2ft + 2a, + 277i 






V 


2/3, + 2a, + 2?7, = 4/3, $: Ap, ~ 2ai + 2 Hi 






%/ 


2A + 2a^ + 2?7, = 4p.,-2a, + 2Hi ^ 4/3, 






x/ 
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Pi > ai >uji = 0,p,=^2 


/ii ~ and r]i — Pi 


mc = Ci 5^ 4 (3i - 2 aj, mo = 4 /3i + 2 a^, 


rriE = 


= 4ft 


C;=4/?, s^4ft + 2a, 






V 


4A + 2a, = 4A^0 








4/3, + 2a, = 0^4/3, 









Table 5.41 (symmetric to the table 5.3) 



Pi> ai> uji 


= 0, p, ^ 2 


^i = Pi and rji = 


m-c = 6 /3j 


-2a„ 


mo = C« ^2/3j + 2aj, 


?7l£; = 


= 4/3, 






6/3, -2a, = 4A^C» 












^,=4As^6/3,-2a, 






V 






e; = 6A-2a, ^4/3,; 









Table 5.42 (symmetric to the table 5.4) 



/3, > ai > uji^0,p,^2 


fii > and 7^i > => ^i = Ui and r/; = /3i — a^ 


mc = 4/3, -2ai + 2^,, m^j = 2/3, + 2a, + 2?;,, TO£; = 4/?, + 1 


4^i - 2a, + 2^i = 4/3, + 1 s$ 2/3, + 2ai + 27?^ 




2/3i + 2 a, + 2 77, = 4 A + 1 s$ 4/3i - 2 a, + 2 ^i 




2Pi + 2ai + 2Tj, = Api^2ai + 2^ii ^4/3, + 1 


V 



Table 5.43 (symmetric to the table 5.5) 






Pi > ai >uji^O, p, = 2 


/ii = and rji ~ Pi 


mc = 0^4A-2a„ mD=4/3, + 2a„ 


mB = 4 /3, + 1 


C, -4/3, + !^ 4/?, + 2a, 




V 


4/3, + 2a, = 4A + 1 i^Ci 






4/3, + 2a, = C.«;4/3, + l 







Table 5.44 (symmetric to the table 5.6) 






Pi > ai > uji^O, p, = 2 


^i = Pi and 77, = 


mc = 6Pi-2ai, mo = ^i ^ 2 /3i + 2 ai, 


771B = 4 /?, + 1 


6A-2a, = 4/3, + l^e» 






^, =4/?, + 1^6A-2a, 




V 


e; = 6/3, -2ai^4/3, + 1 







In the following cases the multiplicity a^ coincides with the multiplicity uii = 0. 
I this case, according to (3.3), we have 9i = max(ai,/3i,a;i) = /3,;. 
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Table 5.45 (symmetric to the table 5.7) 



/3i > ai = cjj = 0, Pj 7^ 2, 3 


r]i > 0^ 7}, = /3j and ^j = 


TOc = ^ 4^i + 2/^^, mn = 2/3i + 2 7?j, 


m^ 


= >^i ^4/?, 


;<,=C,^2(3,+2n, 






V 


>i,=2p, + 2n,^Q, 






V 


= 2 /?, + 2 ^, ^ X, 






V 



Table 5.46 (symmetric to the table 5.8) 








/3i > ai = cj, = 0, p, 7^ 2, 3 


i]i = and //i = (3i 


TOC = 0^6A, mD=^t^2/3i, 


TTlE = 


= }<t ^'i|3^ 


^,. = Q^ e. 






V 


>2'i = Ci ^ Ci 






V 


= e» «; ^« 






V 



The following tables correspond to the special values of the prime factor pi, i. e. 
to Pi = 2 and to pi = 3. 



Table 5.47 (symmetric to the table 5.9) 






|3^>a,= Lj, = 0, p, = 2 


?/i > ^ r]i = Pi and ^^ = 





TOC = 0^4^ + 2/^,, mo =2 13^ + 2 7],, 


mE = >it ^4/3^ + 1 


;<, = 0<2/3, + 277, 






x, = 2(3, + 2r^,^a 






C. = 2A + 2r/, <x, 




y 



Table 5.48 (symmetric to the table 5.10) 



/3i > oii 



0, Pj 



7-ji = and ^i = /?,, 



TOc = ^ 6^i, 



mn = 6 ^ 2^i, 



m_E = }ii'^ APi + l 



>*j = Cj < Ci 

>2'j = 6 =^ 



V 
V 

y 



Table 5.49 (symmetric to the table 5.11) 



/3i > ai = w, = 0, p, = 3 


r]i > ^ rji ^ Pi and fit = 


mc = Q ^4Pi + 2fi,, 


mD = 2/3, + 2?7„ 


rriE 


-4/3, 




4/3, = C.^ 2/3,; + 277, 






V 




4/3, = 2/3, + 2r;, s^O 






%/ 




C, = 2/3, + 2 77, s;4A 






x/ 
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Table 5.50 (symmetric to the table 5.12) 
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Pi > Ui = Wi = 0, Pi = 3 


"Ht 


= and /i; — Pi 




Tic = ^ 6/?j, 




mD=£.i >2p„ 


m.E = 4 p.i 






4A=C^S;$^ 










^P^=^^^C^ 




V 






Q^=ii^^P^ 







In the following cases the multiplicity uji is greater than the multiplicity a^, but 
less than Pi. In this case, according to (3.3), we have 9i — max(ai,/3i,aji) = Pi. 



Table 5.51 (symmetric to the table 5.17) 






A > w, > a, = 0, p, ^ 2, 3 


fit > and 77i > ^ fit ^ w^ 


and rji ~ Pi — Ui 


mc = 4 /3, - 2 u, + 2fi,, mD^2P, + 2uj, + 2 77,, 


iriE = 4: Pi 


4:P,-2oJ^ + 2^ii ^APi ^ 2p^ + 2oj., + 2r]i 




V 


2/3, + 2wi + 2?7, = 4/3, ^4A-2a;, + 2^i 




V 


2/3, + 2w, + 2?7, = 4/3, - 2w, + 2/Zi < 4^i 




V 



Table 5.52 (symmetric to the table 5.18) 



Pi > uj, > ai = 0, p, 7^ 2, 3 


/.ij = and 7}i = Pi 


mc = C<^4/3,-2w„ 


mo =4^, + 2wi. 


niE = 


= 4/3, 




C,=4/3, <4/3, + 2w. 






V 




4/3, + 2c^, = 4/3, see. 










4/3, + 2c^, = 0^4/3, 









Table 5.53 (symmetric to the table 5.19) 



A > w, > ai 


= 0, p, ^ 2, 3 


^i = /3,; and r]i = 


mc = 6 /3i 


-2w„ 


TOD=6>2/3,; + 2lj,;, 


777, B = 


= 4/3, 






6/3,-2c^, = 4/3, ^e. 












e, =4/3, <6/3,-2c^. 






V 






e, = 6/3,-2c^, s$4/3, 









Table 5.54 (symmetric to the table 5.20) 



Pi > uJi > ai 


= 0, p, = 2, 3 


fii > and 77i > => fii = uji and 77^ 


= ^,: - w. 


mc = 4 /3, 


-2uji + 2fii, mo = 2 Pi + 2 UJi + 2 rii, niE 


= 4/3, + l 




4/3, -2w, + 2^i=4^i + 1^2A + 2a;, + 277i 








2/3, + 2wi + 277, = 4A + 1 ^4/3, -2w, + 2^i 








2/3, + 2wi + 277, = 4/3, -2cj, + 2/i, «: 4/3, + 1 




V 
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Table 5.55 (symmetric to the table 5.21) 



/3i > cjj > ai = 0, p-t = 2,3 


^j = and ry, = /3j 


mc = Q ^ ^ f^i - 2a;i, mo = 4/3^ + 2wi, 


m^ 


= 4A + 1 


C. = 4/3, + ls^4/?,+2cj, 

4A + 2w, = 4ft + l^G 
4A + 2w, =C^ 5^4/3, + 1 


%/ 



Table 5.56 (symmetric to the table 5.22) 



/3i > uji > ai = 0, Pi 


= 2,3 


^i = f3i and ?;,; = 


mc = 6/3.1-2 uji , 


mn =Ci >2A + 2a;„ 


niE 


= 4/3, + l 


6A-2wi = 4/3, + 1 s^e* 
C, = 4/3, + 1 s^ 6/3, -2a;, 
C, = 6/3,-2w, ^4/3, + l 


y 



In the following cases the multiplicity uji coincides with the multiplicity f3i . Then, 
according to (3.3), we have 9i — max(Q;i, l3i,u!i) = Pi. 

Table 5.57 (symmetric to the table 5.23) 



/3, = w, > ai = 0, p, 7^ 2, 3 


^i > ^ /.t, = f3i and rji = 


mc = 2/3, + 2 ^Ji, 


mo = it ^ 4: /3i + 2 T]i , 


«£ = Xi ^ 4/3i 




2/3, + 2^t, = ><, <e* 




V 




e, = >^i =^ 2 /3, + 2 n. 




y 




e, = 2 ^, + 2 /i, s; >*, 




%/ 



Table 5.58 (symmetric to the table 5.24) 



uJi > ai ^ 0, Pi ^ 2, 3 fii = and rn = /3, 



J^c = Cj ^ 2/3i, 



mo = 6 ^ 6/3,, 



m^ = >irj ^ 4 /3, 



Ci = Cj =^ >«^i 



V 

V 



Table 5.59 (symmetric to the table 5.25) 



/3, = w, > tti = 0, p, = 2 


//i > => /ii = Pi and 77,; 


= 




mc = 2/3, + 2^i. 


mB=C» ^4/3i + 2 77„ 


ms = 


= x,^4f5, + l 




2/3, + 2^, = ><, s;e* 










e, = >fi sC 2 /3, + 2 /x. 










e, = 2 ^, + 2 /i, s; >^, 






V 
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/3i = w, > a, = 0, p., = 2 


/ii = and r]i — Pi 


mc^Ct ^2/?„ 


mo = £,i> 6 Pi, 


ITlE = 


= x, ^4ft + l 




Q ^>^i^ii 






V 




i^^>i^^ Q 






V 




6 = C« «S ^i 






V 



Table 5.61 (symmetric to the table 5.27) 






Pi = cjj > ai = 0, p, = 3 


fii > => l-H = Pi and rji ~ 


mc = 2p, + 2^l,, mc =Cj ^ 4/3, + 2r/j, 


rriE = i p., 


2pi + 2fXi=4pi^^, 




V 


^^=4P,^2Pl + 2^i^ 




V 


C, = 2/3, + 2^, < 4ft 




V 



Table 5.62 (symmetric to the table 5.28) 



/3i = Wi > fti = 0, Pi = 3 


fJ-i 


= and rji — Pi 






mc = Ct ^2ft, 




mo =6 ^ 6ft, 


?71_E = 


= 4ft 






C.=4ft^C. 






V 






e« = 4fts^Ci 












e^=C^<4ft 









In the following cases the multiplicity uji is greater than the multiplicity ft 
Therefore, according to (3.3), we have 6i = max(ai,ft,Wi) = Ui. 

Table 5.63 (symmetric to the table 5.29) 



UJi > Pi > Ui 


= 0, p, ^ 2 


/i; > and rji > => /i; = ft and 77; 


= Wi - 


-A 


mc = 4 w, 


-2ft + 2/^,, mi5 = 2cj, + 2ft + 2?7„ 


niE 


= 4wi 




4 tj, - 2 /3, + 2 ^j = 4 w, s$ 2 w, + 2 ft + 2 ?7, 






V 




2 w, + 2 ft + 2 ?7, = 4 cj, s^ 4 Wi - 2 ft + 2 /ij 






V 




2tj, + 2ft + 277, = 4a;, -2ft + 2/^, ^ Aui 






V 



Table 5.64 (symmetric to the table 5.30) 



w, > ft; > ai = 0, p, ^ 2 


fii = and T^j = UJi 


mc = C^4cj,-2ft, 


mo = 4w, + 2ft, 


m^; = 4a; 


i 




C,=4cj, ^4w, + 2ft 




V 




4a;, + 2ft =4wi ^ C« 








4w, + 2ft = C, s^4a;, 
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Table 5.65 (symmetric to the table 5.31) 



Wj > /3j > at 


- 0, p, ^ 2 


l-ii = u)i and rji ^ 


mc = 6 cjj 


-2/?„ 


mD^£.i^ 2uj; + 2/3i, 


m£; = 


= 4cji 






6cjj-2/3, = 4a;j s^ ^,; 












C, =4wj ^ 6w, -2/3j 






V 






e, =6a;, -2/3i^4a;, 









Table 5.66 (symmetric to the table 5.32) 



UJi> (ii> OLi 


- 0, p, = 2 


/ii > and r^i > => /i^ = /3i and 7/^ = 


w, -ft 


mc = 4:UJi 


-2/3, + 2^ii, mD=2LOi + 2/3,+2r],, tue 


= 4a;, + 1 




Alo, - 2/3j + 2^i = Auji + 1 s$ 2a;, + 2 A + 277, 








2a;, + 2 ft + 2 77, = 4a;, + 1 s^ 4 Wj - 2 A + 2/i, 








2a;, + 2ft + 277, = 4a;, - 2ft + 2/i, sC 4a;, + 1 




y 



Table 5.67 (symmetric to the table 5.33) 



a;, > ft > ai = 0, p, = 2 


yUi = and 77.^ = a;^ 


mc = ^ 4a;, - 2ft, mo = Auj., + 2ft, 


7n£; = 


= 4a;, + 1 


C, = 4a;i + l s^ 4a;, + 2ft 






V 


4a;, + 2ft = 4a;i + ls^0 








4a;, + 2ft = ^4^^ + ! 









Table 5.68 (symmetric to the table 5.34) 



a;^ > ft > ai 


= 0, p, = 2 


^i = uJi and ?7i = 


mc = 6 a;^ 


-2ft, 


mo =6 55 2a;, + 2ft, 


mE = 


= 4a;, + 1 






6a;, -2ft = 4a;, + 1 s$ C* 












^, =4a;, + 1 < 6a;, -2ft; 






V 






e, -6a;, -2ft s^4a;, + 1 









Thus, totally we have 68 cases placed into 68 tables. They describe completely 
the structure of the prime factors pi, ... , p„ in (5.1). 

6. The structural theorem. 

Analyzing the whole variety of data in the tables 5.1 through 5.68, we subdivide 
the set of prime factors S = {pi, . . . , p„} from (5.1) into a disjoint union of several 
sets. The first three of such sets arc given by the formulas 



5*1 = {p, e 5 : Qfi > ft > a;, = 0, /i, = ft, 77, = a, - ft}, 

52 = {pi e S : cti > ft > a;, = 0, fii = 0, 77, = aj, 

53 = {p, e 5 : a,; > ft > a;, = 0, 7*.; = a^, 77^ = 0}. 



(6.1) 
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The formulas (6.1) correspond to the tables 5.1 through 5.6. Using the formulas 
(6.1), we define the following integer numbers: 

Pi6S2 PieS2 

P.eSa Pi&Ss 

The next three sets 5*4, S'5, and 5*6 are defined by the following formulas: 

S4 = {pi e S : Ui > 13.1 > ai = 0, //j = ft, rji = cui - /?J, 

S'5 = {pi e S : uji > /3i> Qfj = 0, Ht ^ 0, rii ^ wj, (6.3) 

Se = {pi e S : uii> Pi > ai=Q, fi^ = uji, rji = 0}. 

The formulas (6.3) correspond to the tables 5.63 through 5.68. Using the formulas 
(6.3), we define the following integer numbers: 

h.= \{p^\ h= i[pr'\ 

PiSiSi Pi&Si 

h^ Ilpf'' ^5= X{pr^'^ (6-4) 

PieSs PiGSs 

b.= \[p^\ k= Upr-''- 

Pi&Se PiGSs 

Some of the sets Si, S2, S3, S4, S5, Se can be empty. Therefore we interpret the 
formulas (6.2) and (6.4) so that bk = 6fc ~ 1 if the corresponding set Sk is empty. 
Moreover, bk ^ I implies bk ^ I and vice versa. If bk ■ bk 7^ 1, then the prime 
factors of the number bk coincide with the prime factors of the number bk- 
The next three sets Sj, Sg, and Sg are defined by the following formulas: 

S7 = {pi e S : l3i> uji> ai =0, ^^ = uj^, iji ^ fi^ - wj, 

Ss, = {pi e S : Pi > oji > Ui ^ 0, Hi ==0, ?7i = P^}, (6.5) 

Sg = {Pi e S : Pi > uJi > at = 0, pi = Pi, iji = 0}. 

The formulas (6.5) correspond to the tables 5.51 through 5.56. Using the formulas 
(6.5), we define the following integer numbers: 

wi = n Pi'^' "1 = n ^'f'"'' 

PiES- PieSj 

U2= n Pi'^' "2 = n J'/''""'' (6-6) 

P.eSs Pi&Sa 

Pi\ "3 = 11 Pi 

PiGSa Pi^Sg 
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The next three sets 5io, S'li, and 5i2 are defined by the following formulas: 

Sio = {pi e S : ai> uj.i> Pi^O, /i^ = cj^, rji ^ Ui - wj, 

•S'li = {pi^ S : ai> u!i> Pi = 0, /i^ = 0, rji == Ui], (6.7) 

Si2 = {Pi e 5 : a,; > cji > ^^ = 0, ^ii = ai, rn = 0}. 

The formulas (6.7) correspond to the tables 5.17 through 5.22. Using the formulas 
(6.7), we define the following integer numbers: 

Pi \ "4= _[_[ Pi 

Pi&Sio PiGSio 

U5= n p^'' "5= n p^'"'"' (6-8) 

nuji ~ I I a.i—uji 

Pi % "6 == 11 Pi ■ 

P.6Si2 PieSi2 

Sonic of the sets 6*7, S'g, S'g, 5*10, S'li, 'S'12 can be empty. Therefore we interpret the 
formulas (6.6) and (6.8) so that u^ = Ufe = 1 if the corresponding set Sk is empty. 
Moreover, u^ 7^ 1 implies u^ ^ 1 and vice versa, li Uk ■ Uk 7^ 1, then the prime 
factors of the number Uk coincide with the prime factors of the number Uk- 
The next three sets S13, S'14, and Sis are defined by the following formulas: 

Siz ^ {pi^ S : uii> ai> Pi =0, ^i = a^, t], ^ uj, - a,}, 

S'14 = {Pi e S : uji> a^ > Pi = 0, /ij = 0, i}i = cjj, (6.9) 

Si5 = {Pj e S : Ui > Qfj > Pi = 0, ,Uj = cjj, T^j = 0}. 

The formulas (6.9) correspond to the tables 5.29 through 5.34. Using the formulas 
(6.9), we define the following integer numbers: 

«i= n p""' «i= n pr~"% 

"2 = n p>>"'' ^2 = n pr~"% (6-10) 

Pi6Si4 PieSi4 

"3= n pr% «3= n ^^r-"'- 

PsSSis PiSSis 

The next three sets Sig, S17, and Sig are defined similarly. For this purpose we 
use the following three formulas analogous to (6.9): 

S16 == {Pj e S : Pi> ai> uji =0, [li^ ai, rj, ^ P, - aj, 

Si7 = to e S : P^>a^> cj, ^Q, ^l^^ 0, ?7, = ^0, (6.11) 

S18 = {Pi e S : ft > Qfi > Wi = 0, Hi = Pi, 1], = 0}. 

The formulas (6.11) correspond to the tables 5.39 through 5.44. We use the formulas 
(6.11) in order to define six numbers a^, 05, ag, 0,4, 05, og similar to the numbers 
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ai, a2, aa, ai, 02, 03 in (6.10). For this purpose we write 

«5- n p"*, ^5= n pf'"""' (6-12) 

Pi&Sn PiGSn 

Pi N ae = II Pi 

Pi&Sis Pi£Sis 



Some of the sets S13, S14, 6*15, 5*16, Su, Sis can be empty. Therefore we interpret 
the formulas (6.10) and (6.12) so that at = a^ = 1 if the corresponding set Sk is 
empty. Moreover, Ofc ^ 1 imphes Ofc 7^ 1 and vice versa. If a^ • a^ 7^ 1, then the 
prime factors of the number Uk coincide with the prime factors of the number dfe. 
The following sets and their associated numbers are defined in a slightly different 
manner. The sets 5*19, 6*20, S21, S22 arc given by the formulas 



'S'19 = {pi e S : Qfi > /3j = cjj = 0, /.tj = Qfj, i]i = 0}, 

'S'20 = {Pi ^ S : ai> /3i= UJ.I = 0, ^j = 0, rji = aj, 

5*21 = {pi £ S : LOi^ Pi > Qfj = 0, ^i == Ui, 7-/i = 0}, 

5*22 ^ {pi 'E S : w^ = Pi > a, ^ 0, ^li ^ 0, r/^ = wj. 



(6.13) 
(6.14) 



The formulas (6.13) and (6.14) correspond to the tables 5.7 through 5.12 and 5.57 
through 5.62. Using them, we define the following integer numbers: 

«7= n p"' 

"8= n ^r, 

PieS2i 

Some of the sets Sig, S20, S21, S22 can be empty. Therefore we interpret the 
formulas (6.15) and (6.16) so that at = 1 or Cfc = 1 if the corresponding set Sk is 
empty. Unlike the numbers (6.12), the numbers (6.15) and (6.16) are not correlated 
within their pairs. 

The sets 523, S2A, S25, S'26 are given by the following formulas 



07= n p»"'' 


(6.15) 


PieS2o 




08= 11 Pt^ 


(6.16) 


Pi&S22 





S23 ^ {pi e S : (3t> ai ^ uji =0, pi ^ Pi, i}i = 0}, 

S2A ^ {Pt^S : p,> ai = Wi = 0, ^J; = 0, iji = Pi\, 

S25 = {pi e S : ai^0Ji> Pi^O, ^ii = Qfj, r]i = 0}, 

<5'26 ^ {pi e S : a, ^ uji> P, ^ 0, /i,j = 0, r/^ = aj. 



(6.17) 
(6.18) 



The formulas (6.17) and (6.18) correspond to the tables 5.45 through 5.50 and 5.23 
through 5.28. Using them, we define the following integer numbers: 

67= n pf'' ^7= n pf'^ (6-19) 

Pi6S'23 Pi&S24 
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fos- n p"N ^8= n p"': (6.20) 

Pi & 325 Pi6S26 

Some of the sets S'23, S24, S25, S26 can be empty. Therefore we interpret the 
formulas (6.19) and (6.20) so that 6fc = 1 or 6^ = 1 if the corresponding set Sk is 
empty. The numbers (6.19) and (6.20) are also not correlated within their pairs. 
The sets 5*27, 5*28, 5*29; S^q are given by the following formulas: 

S27 ^ {pi e S : oji> Ui^ Pi = 0, ^,j = LOi, j]i = 0}, 

(6.21) 
S'28 ^ {pi e S : Wi > a^ = ft = 0, m = 0, r]i^ w^}, 

<S'29 = {Pt e S" : at = /3t > LOi = 0, /.t; = «», rji =0}, 
SsQ = {Pi ^ S : a, = ft > oji = 0, /i; = 0, rj^ = a^}. 

The formulas (6.21) and (6.22) correspond to the tables 5.35 through 5.38 and 5.13 
through 5.16. Using them, we define the following integer numbers: 

U7= n pp^ ^7= n p^'' (6-23) 

Pi&S27 Pi£S28 

"8= n p"': ^8= n pt'^ (6-24) 

Pi&S29 PiGSao 

Now we can compare the formulas (6.1), (6.3), (6.5), (6.7), (6.9), (6.11), (6.13), 
(6.14), (6.17), (6.18), (6.21), and (6.22) with the tables 5.1 through 5.68 considered 
in the previous section. As a result we derive that 
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S = {pi,...,Pn}=\JS,. (6.25) 

Then we apply (6.25) to the formulas (6.2), (6.4), (6.2), (6.6), (6.8), (6.10), (6.12), 
(6.15), (6.16), (6.19), (6.20), (6.23), and (6.24). This yields the following formulas: 

6 3 6 



a = arar fos ^8 "8 "8 J]^ a^ J^ h h W_UiUi, (6.26) 

i=l i=l 'i=4 

6 3 6 

b = brb7 Us us as as JJ &i JJ «» Ui Y\_°'i"'i^ (6.27) 

1=1 i=l i=4 

6 3 6 

u = ujurasdsbsbs JJ u^ JJ a^ a^ J]^ 6^ 6j , (6.28) 

i=l i=l i=4 

6 3 6 

a = as as 67 67 U7 ur J]^ «* J]^ "^ u^ J^ bi hi, (6.29) 

i=l i=l i=4 

6 3 6 

b = bsbs U7 W7 a? ^7 J]^ ^i J^ a^ «» JJ "i "i, (6.30) 

i=l i=l i=4 

6 3 6 

u = ususa7djbrbr JJ Ui JJ &i 6^ J]^ ai a^ . (6.31) 



4 = 1 4 = 1 i=4 
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Along with the formulas (6.26), (6.27), (6.28), (6.29), (6.30), (6.31), we derive the 
following formulas for the parameters Z, ^o, and Bq'. 



Z = J^fljaj Jj6i6i JJ^Ui Wj, (6.32) 

i — 1 2—1 2—1 

^0 = n fli f^i "j n ^» bi Ui, (6.33) 

2=1,3,4 2=3,6 

2=6,7,8 

Bo = J^aifojUi JJai6jUi. (6.34) 

2=1,2,4 2=2,5 

2=5,7,8 

Thus, the variables a, b, u, a, b, u, Z , Aq, Bq are expressed through 48 new variables 
ai, ... , as, ai, . . . , as, &i, . . • , 6s, h, . . . , 6s, "i, ■ ■ • , "s, mi, • . • , us by means of 
the formulas (6.26), (6.27), (6.28), (6.29), (6.30), (6.31), (6.32), (6.33), and (6.34). 
Most of the new variable are coprime by their definition. Indeed, we have the 
following coprimality conditions to be fulfilled: 

gcd(aj,aj) = 1, gcd{bi,bj) = 1, gcd{ui,Uj) ==1 for i 7^ j; 

gcd(aj,a-,) = 1, gcd(bi,bj) = 1, gcd{ui,Uj) ^l for i 7^ j; 

gcd(ai, dj) ~ gcd(6i, bj) = gcd(Mi, Uj) — I for i 7^ j or i > 6 or j > 6; 

gcd{ai,bj) = gcd(aj,6j) = gcd(aj,Uj) = gcd(ai,Uj) = 1; 
gcd(ai,6j) == gcd(aj,6j) = gcd(aj,Uj) = gcd(ai,Uj) = 1; 
gcd(6i,Uj) = gcd{bi,Uj) = gcd{bi,Uj) = gcd(bi,Uj) = 1. 



(6.35) 



The only exception from the above coprimality conditions (6.35) are the numbers 
within the pairs (a,, a,), (6^, 6^), (u^, Ui) for 1 ^ i ^ 6. In such pairs we have 

ai = 1 ■<==> ai = 1 for i = 1, ... ,6; 

6, = 1 -^=^ &, = 1 for i = 1, . . . , 6; (6.36) 

Ui ~ I <=> Ui ^ 1 for i = 1, ... ,6; 

p I a.; ■<=> p I 5; for p is prime and i = 1, ... ,6; 

p I 6i ■<=> p I 6i for p is prime and i — 1, ... ,6; (6.37) 

p I Ui <=^ p I Ui for p is prime and « = 1, ... ,6. 

The conditions (6.36) and (6.37) are called the cohesion conditions. 

The next step now is to substitute the formulas (6.26), (6.27), (6.28), (6.29), 
(6.30), (6.31), (6.32), (6.33), and (6.34) into the equation (4.26). As a result we get 
a polynomial equation with 27 terms. These terms have the common factor 

,4 „2 „4 „4 „2 „4 „2 „4 ~4 ~4 -2 -4 ~4 -2 ~4 ~2 i,4 i,2 i,4 i,4 i,2 i,4 i,2 7,4 



C4 V 4 4 V 4 V 4~4~4~z~4— 4~z~4~2747ZT474TZT47ii7' 
= Qi a2 a^ a^ a^ a^ a^ a^ a^ a2 a^ a^ a^ Qq a^ a^ b^ O2 O3 0^ 65 Oq b-j 

2 4 2 

H "6 "7 



£4 j'4 i:2 l'4 T4 i'2 l'4 i'2 4 2 4 4 9 4 9 4 ~4 ~4 ~9 ~4 ~4 ~9 -4 ~9 (,D.OOj 

• 6l h h 64 ^5 ^6 ^7 ^8 "1 "2 ^ 



4 .4 .2 ,4 .4 .2 ,4 ,2 .,4 .,2 ^4 4 2 ^4 ^2 4 ^4 ~4 -2 ~4 ~4 ~2 ^4 ~2 
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Even upon splitting out the nonzero common factor (6.38) the equation (4.26) 
appears to be rather huge. It is written as foUows: 

af a^ a^ a^ Uj a^ a| 0.3 a^ Og 62 ^5 ^8 ^1 ^2 ^3 ^4 ^5 ^6 ^8 ""2 ""4 "5 ""e ""? '"4 ^5 ""e ^7 ""s + 

,£.464242 6 ~2 -2 -4 ~2 ~4 -2 7,2 1,4 j2 7,2 12 1,4 9;4 r4 re 5:2 r2 74 re 2 4 e 

+ 6 C]^ a2 flg 04 05 Cg 07 fl]^ a2 03 ttg a-j ag Oj^ O2 O3 O5 O7 Og Oj^ O2 O3 04 O5 Og Og U2 u^ u^ ■ 

4 4 2 ~2 ~4 -4 ~6 ~2 ~4 r, 4 6 4 2 4 2 -4 ~4 ~6 ~2 -2 ~4 7,2 7,2 7,4 7,2 7,2 7,4 72 

• Uq u-j Ug U3 M4 W5 Ug U7 Ug — z fl]^ 02 a^ a^ a^ Og a^^ 02 Og ag Oy Cg O2 04 O5 Og O7 Og Oj^ • 

• 62 &3 ^4 &5 &g ^1 u\ U2 u\ W4 M5 Ug U7 M3 U4 U5 Ug M7 Ug + fl]^ a2 03 04 flg flg ay 0,3 Og • 

• a^j bi 62 63 67 &g 6]^ 62 &f 6g 6g W4 M5 Ug m^ Ug tig M4 Ug Ug Ug + 4 a^ 03 03 04 Og ag a^ • 

• ai ~al ~al a^ a^ a^^ ~al b\ bj b\ bl bl bl 6^ b\ b\ b\ b% b\ l\ b% b\ u\ u\ ul u\ u\ u\ 4 uj ■ 

~4~2~2~6~2~2 4 4 4 4 4~4~4~8~4~47474747474?4r47'47'8r4 4 4 4 

• U3 1*4 U5 Ug 1*7 Ug + C]^ 02 03 fty Og O]^ 02 03 ag Og O4 O5 Og O7 Og O3 O4 O5 Og Og Ul 1*2 U3 • 

4448~4~4~4 r,4244248 2 ~e -6 ~ 2 7,4 7,2 7,4 7,2 7,2 7,6 i,4 72 r2 78 

• U4 M5 Mg U7 M3 UqUj ~ 2 Gi a2 03 04 flg ag ay ag 03 ag a-^ O4 O2 O3 O4 Og O7 Og 0^ O2 O3 • 

l6 I2 2 2 4 2 4 e 4 -6 ~2 -2 ~8 ~2 I /J 4 2 4 2 2 e 4 ~2 ~2 ~8 ~6 ~2 1,2 i,2 

• Og Og Ul U3 M4 Ug Ug M7 Mg U3 M4 M5 Ug Mg + 6 C]^ a2 a3 04 ag 07 ag a^^ a2 a^ ag Og o^ O3 • 

• &4 65 6g &7 6g 63 64 65 6| 5g U]^ M2 M3 U4 M5 Mg U7 Mg M3 Ug {(7 + Gi a^ 04 ttg a7 ag fig ag • 

• bl 63 64 6g 67 6g 63 6g uf U3 m| Ug U7 Mg U3 Ug - 2 af a^ ag ag a7 af a^ a\ a\ a\ d^ a| • 

!,6 1,6 1,2 74 74 72 74 74 72 72 78 e 2 8 2 2 -2 ~2 -4 ~4 ~2 ~4 ~6 , ^ 2 6 2 2 e 

• O2 O5 Og 0]^ O2 O3 04 O5 Og O7 Og U2 M4 Ug Uq Uj Ul U2 W4 M5 Ug W.7 Mg + 4 aj^ a2 03 a4 ag • 

2 4-2-2 ~2 ~2 ~2 ~2 ~4 ~4 7,2 7,6 7 2 7,4 7 2 7 2 74 74 74 72 72 72 72 76 4 2 6 2 2 2 

• fte ^7 «! "2 0^3 ^4 ^5 «6 ^7 «8 »! O2 h Og 67 6g 61 62 63 64 6g 6g 67 6g M2 "4 Mg Mg M7 Mg • 

~2 ~2 -2 ~4 ~4 -4 -2 ~6 10 2 6 2 4 2 2 ~4 ~4 -4 ~2 -2 ~2 -2 ~6 i,4 7,2 7,6 1,2 7,2 

• Ul U2 M3 U4 Mg Mg M7 Mg — 12 tti o^ Q^ ag a7 ag Qi a2 0,3 a^i ag ag a7 ag O2 O4 Og Og O7 • 

1,2 72 72 72 74 74 74 72 76 2 6 2 2 6 2 4 ~2 ~2 -2 ~2 ~2 -2 ~4 ~4 r, 2 4 2 4 

• Og bl O2 O3 O4 Og Og O7 Og Ul U2 M3 U4 Mg Mg U7 Mi M2 "^3 "^4 ^^5 ""e Uj u^ — 2 a^ a2 a3 a4 • 

6 4 6-2-2-2 -4 -4 -2 74 1,6 1.4 7,2 7,4 1,2 74 74 76 72 i'2 74 2 2 4 2 2 4 -2 -2 -4 

• % a-Q a? ^3 04 ^5 ttg a7 ag 5^ 6^ ^3 ^5 ^7 ^8 ^1 ^2 ^3 ^6 ^7 ^8 "2 % "5 ^*6 "7 "8 ^'l "2 "3 ■ 

-4-4-6-6 o 2 4 2 2 4 2 4 2-2-2-4-2-2 -4 -2 -4 i2 7,4 7,2 7,2 7,4 7 2 7,4 7,2 

• M4 Ug Mg Mg — 8 ai a2 a^ a^^ ag ag a7 ag a^ a2 a3 a4 ag ag a7 ag o^ O2 O3 O4 Og Og O7 Og • 

72 72 74 72 72 74 72 74 2 4 2 2 4 2 4 2 -2 -2 -4 -2-2-4-2-4 o 2 4 2 2 

• bl O2 O3 O4 Og Og O7 Og Ul U2 M3 M4 Ug Uq M7 Ug Ul M2 'a3 M4 Wg Mg U7 Ug — 2 Qi a2 a^ ag • 

• a7 ag a-i aj Og 04 ag Cg Og 62 64 6g 6g 67 6g 63 64 65 6g 67 6g m^ Mj '"3 ^4 '^s '"e ^7 ^1 ^2 ' 

-4-2-4-2 1 r) 2 2 2 4 4 4 6 2 -4 -2 -2 -6 -2 -2 7,4 1,4 7,4 1,2 1,2 7,2 1,6 1,2 72 72 

• M3 Ug U7 Mg — 12 Ul a2 a^ a^ ag ag a^ a^ a^ a^ a^ Qq a^ a^ bi O2 O3 04 Og Og 07 Og o^ O2 • 

76 74 72 72 2 2 2 2 2 2 4 4 -2 -2 -6 -2 -2 -6 -4 , ^ 2 2 2 2 2 2 4 4 

• O3 Og O7 Og Ul U2 U3 M4 Ug Ug M7 Mg Ul M2 ""3 ""4 "^5 ""6 "^8 + ^ ai a2 a3 a4 ag ag a7 ag • 

. -2 -2 -6 -2 -2 -6 -4 .2 ,2 .2 ,4 ,4 .4 .6 i^2 74 72 72 76 72 72 4 4 4 2 2 2 6 2 -2 . 

ai a2 a3 a4 ag ag ag Oi Og 03 04 Og Og 07 Og 03 04 Og Og 07 Og Ui M2 U3 U4 Ug Ug U7 Ug Ui 

■ ul ul u^ u^ul-2 a\ a\ a\ al al af 4 a| al al al a| b\ bl b^ b\ bl b^ b^ bj 6| b^ 6? • 

• Ml U2 U3 U4 ul Uj Ug Ul U2 ^3 iil ul + al af aj a\ a\ af a7 a% b\ 6| b\ 63 b\ ^5 ^ ^, ■ 

■ u\ u\ u\ u\ u\ Ug U7 u| + 6 al a\ a\ al a^ a\ al a\ a\ al a^ a% b\ b% b\ b\ 67 b\ 62 ^3 ' 

• 64 6g 67 b% U2 u| u| Ul U2 U3 U4 Ug Ug U7 u| — 2 a2 ag a| hi 0,2 a^ d^ Og ag 07 a| b\ b\ ■ 

7,8 1,2 12 72 72 74 74 72 74 76 2 8 2 6 2 -4 -4 -2 -2 -2 -4 -6 , 4 4 8 4 4-4 

• Og Og O7 Oi O2 O4 Og Og O7 Og Ul U2 U3 Ug U7 Ul U2 U3 U4 Ug U7 Ug + a2 a4 ag ag a7 a4 • 

~4.^4~4~4,4,g,4,4,4r4r4r4r4r4 4 4 4.^4^4^4.^4~4~4~g . 4 2 6 2 

■ as ^6 "7 ^8 W 02 03 Og O7 61 O2 O3 67 Og U2 Ug Ug Ul U2 U3 U4 Ug Ug Ug + 4 a2 a4 ag ag • 
• a^ al al al al a\ at ^ a^ ~al bl bl bl bl bl bl 6^ bl bl bl bl bl bl 6^ b^ ul u^ ul u^ u^ • 

• Ug Ui U2 U3 U4 Ug Ug U7 Ug + a2 ag ag Oi 0.2 03 0,4 Og ag Og 63 &4 ^5 ^6 ^7 ^4 ^5 ^6 ^7 ^8 ' 



Ul U2 U3 Ug U7 Ul U2 U3 U7 u. 



o 2 4 6 4 4 2 -2 -4 -4 -6 -2 -4 7,4 1,6 7,4 7,2 1,4 1 2 

2 a2 a4 ag ag a7 ag a3 a4 Og ag a^j a^ bi Oj O3 O4 Og Og • 

7,6 72 72 74 72 74 72 2 4 2 2 2 4-4-4-6-2-2-4-6,0 2 2 4 2 2 4-2-2 

• O7 Oi O2 O3 Og O7 Og Ul U2 U3 Ug U7 Ug Ul U2 U3 U4 Ug Ug Ug + 6 aj a4 ag ag 07 ag ai a2 • 
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at ~a\ ~a\ ~a% ~a% h\ h\ h\ h\ h% h\ b^ 1% bj 65 &6 ^7 bj uf u^ uj uj u\ uj uj u\ u% ul u? • 
• Ug + a4 05 flg a-j Og flg 04 (25 a| Og h-^ b^ b^ b^ 65 5g fef 63 6g &y Ui U2 u^ Uj Ug u-^ ■ 

-4 -8 ~4 -4 
^2 ^3 ''^6 ^8 



~4 -8 ~4 -4 n 



The above equation is called the structural equation. It is a Diophantine equation 
with respect to 48 integer variables ai, . . . , as, ai, . . . , ag, 61, . . . , 6g, 61, . . . , 63, 
Ml, ... , Kg, Ml, ... , Us- Now, summarizing the results of the sections 5 and 6, then 
applying the lemma 4.3, we derive the following theorem. 

Theorem 6.1. For a given triple of positive coprime integer numbers a, b, and 
u such that none of the conditions (1.2) is satisfied the polynomial Diophantine 
equation (1.3) is resolvable if and only if there are 48 positive integer numbers 

ai, . . . , as, ai, . . . , as, 61, . . . , 6s, ^1, ■ • ■ , h, ui, . . . , us, mi, . . . , us obeying the 
structural equation on the pages 32 and 33, obeying the cohesion conditions (6.36) 
and (6.37), obeying the coprimality conditions (6.35), and such that a, b, and u 
are expressed through them by means of the formulas (6.26), (6.27), (6.28). Under 
these conditions the equation (1.3) has at least two solutions given by the formulas 

t ^ W_aibiUi'^aibiUi, t = - JJ a^ 6i w^ JJ a^ 6i w^. (6.39) 

i=l,3,4 i=3,6 1=1,3,4 i=3,6 

i=6,7,8 i=6,7,8 

The theorem 6.1 is the required structural theorem for the solutions of the Dio- 
phantine equation (1.3). The formulas (6.39) in this structural theorem are imme- 
diate from the formulas (6.33) and (4.2). 

7. Conclusions. 

The structural theorem 6.1 is the main result of this paper. It can be used in 
computer search for perfect Euler cuboids or maybe in proving their non-existence 
in the case of the third cuboid conjecture 1.1. The theorem 6.1 is analogous to the 
structural theorem 4.1 from [3] associated with the second cuboid conjecture. 
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